Abstract-The airborne or vehicle-based SARs are very vulnerable to the influences of airflows or road conditions so as to deviate from the predicted trajectory, which undermines the uniformity of the azimuth sampling. As a result, the SAR image quality can get impaired in varying degrees. Since the SAR systems are sensible to the track deviation, the motion compensation (MOCO) algorithms are always applied as pre-processing of SAR raw data. In this paper, mainly with regard to the motion error caused by the forward velocity variation, a 'resampling MOCO' algorithm is proposed as an auxiliary of the widely used bulk MOCO. The simulation result has verified that the performance of the fundamental bulk MOCO algorithm is greatly improved utilizing the proposed method.
INTRODUCTION
After a few decades of development, synthetic aperture radar (SAR) is now widely used as a mature and reliable technology for obtaining high-resolution microwave images of the observed scene. For whatever topologies of SAR imaging system, the range resolution is determined by the bandwidth of the transmitted signal [1] . While with regard to the azimuth resolution is related to the Doppler bandwidth generated by the motion of the radar. When the radar moves along a straight line in a constant velocity, for a point target, the signal of each azimuth bin can be approximated as a linear FM signal. And after match filtering, the signal should focus on the target's azimuth location.
It is inevitable that the moving platform, either airborne or vehicle-based, deviates from the rectilinear trajectory and its velocity might vary as well due to either the atmospheric turbulence or practical road conditions. The trajectory deviation does not affect the range compression but shifts the coordinate of the range bin, as well as brings about additional phase. Therefore, the signal of each azimuth bin is disordered, which affects the final imaging performance. To address this problem, motion compensation (MOCO) is always involved [2] [3] [4] .
To obtain the precise trajectory and exact the error caused by deviation, one of the two commonly used methods is to record the real-time position by means of inertial navigation units (INU) or Global Positioning System (GPS) mounted on the moving platform [5, 6] , and the precision of the provided position can reach the magnitude of millimeter, which is enough for most of SAR systems. However, one of the problems is that the data rate of INU or GPS is usually much lower than the azimuth sampling frequency, while the interpolation may bring about extra errors and reduce the precision. The other commonly used way to obtain the motion error is to estimate the trajectory deviation directly from the raw data [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . It is based on the concept that the uniformly azimuth-sampled data without motion errors has its intrinsic coherence, while the motion error is random. And the forward velocity variation and the displacement in line of sight (LOS) affect respectively the lower and higher order terms of the Doppler frequency, so that they can be extracted sequentially. According to this, several algorithms [11] are proposed, such as the reflectivity displacement method (RDM) [12] , the phase gradient algorithm (PGA) [13, 14, 16] and the phase retrieval [17] methods.
Assuming that the motion error is known as a priori information, then the next step is to compensate the errors; based on some previous researches on this topic [18] [19] [20] [21] [22] [23] [24] [25] [26] , a widely used algorithm is bulk MOCO. The algorithm is implemented in two steps to compensate the range-independent and range-dependent motion errors respectively [27] . Here the range-independent compensation can also be regarded as the entire range cell offset or a range gate adjustment, and it is handled in a preprocessing step in common cases, whereas the range-dependent motion error is a specific filter that varies at every cell in the illuminated scene, and it still impair the focusing as the residual error. In practical applications, the bulk MOCO is affiliated to the image formation algorithm, i.e., backprojection algorithm (BPA) and range-Doppler algorithm [28] .
However, the bulk MOCO is not always applicable to compensate the forward velocity variation, because essentially the forward velocity variation corresponds to non-uniform sampling in the azimuth dimension and performs practically as range-dependent so that it can impossibly be compensated by the bulk MOCO. First approach for the compensation in the forward velocity direction (FVD) is hardwareimplemented by means of adjusting the real-time pulse repetition frequency (PRF) [29] . Also, for signal processing method, the attempt to resample the azimuth data and then interpolate in the range dimension [28] is carried out at the expense of computational load. In this paper, we have proposed a new approach for compensating FVD error via resampling so as to acquire uniform azimuth sampling and counterpoise the range samples without interpolation. This method involves neither hardware requirements nor large computation and has a good performance in application.
This paper is organized as follows: firstly in Section 2, this paper gives the typical geometry and signal model with and without motion errors. And then, in Section 3, the bulk MOCO algorithm is discussed. Especially, the residual error of bulk MOCO is analyzed. Followed in Section 4, a new method focusing on the MOCOin FVD is proposed, and the residual error of this algorithm is also discussed. Next in Section 5, the proposed method is verified in simulation with BPA. Finally, discussion of applicability of the proposed algorithm for other different topologies is given.
GEOMETRY AND SIGNAL MODEL
The geometry of the airborne or vehicle-based strip-map SAR is illustrated in Figure 1 , in which the green solid curve indicates the real track of the radar, and the dotted line is the predicted ideal path. Strip-map SAR means that the illumination direction of the radar remains unchanged.
In the coordinate in Figure 1 , the origin is at the center of the synthetic aperture. The forward velocity direction of the radar is along the X axis, and the Y -Z plane is the perpendicular plane of the nominal trajectory. The two points marked as N and A are respectively the nominal and actual locations of the radar platform at a certain azimuth-time, and the point marked as P is one arbitrary point scatter located at (x, y, z).
Assume that the pulse repeat interval (PRI) is T r , then the slow time T u is an integer multiple of T r . Therefore, the ideal positions of the radar are evenly distributed along X-axis with an interval of V · T r , here V is the forward velocity. 
LOS is the beam center of the radar antenna, and in Figure 1 , it is vertical to FVD, whereas it may not be the common case. The motion error is usually divided into two components, which are the deviation along LOS and displacement along FVD. Here, the attitude variation is to be classified as error in LOS. Hence in Figure 1 , the motion error NA = (X u , Y u , Z u ) can be divided into two parts, which are errors in LOS and FVD respectively as the vectors A A = (0, Y u , Z u ) and NA = (X u , 0, 0), where A is the projection of A on X axis. In the following analysis, they would be eliminated respectively in different methods.
If the transmitted signal is:
Considering one single target, the reflected signal can be written as:
where S N and S A are the nominal and actual data received by radar. t is the fast-time, u the slow-time, λ the wavelength of the transmitted signal, and c the speed of light. And f To compress the data, the matched filtering is applied using p(t) as the reference signal. The phase term of f du brings about a shift by f du in the frequency domain and is calculated and compensated in advance. To compensate the Doppler shift, the signal is multiplied with the conjugate of the Doppler exponential term exp(−i · 2πf N du t), and then the signal is correlated with the local generated reference in the range compression, and therefore the range compressed data can be written as:
Here,Ṡ denotes the range compressed data and P r (τ ) the cross-correlated function of the received and reference signal in the fast-time domain. In (6)- (7), although the Doppler shift is compensated, the phase corresponding to the target trajectory is still maintained, which is the data to be compressed in the azimuth dimension. Through the comparison betweenṠ N andṠ A , the errors act as the delay deviation Δτ and additional phase Δϕ, which are:
3. BULK MOCO
Principle of the Bulk MOCO
In order to compress the range compressed data in the azimuth dimension, the corresponding azimuth reference signal is generated based on the nominal Doppler history. Nonetheless, the delay deviation and additional phase in the signal should be extracted so that the actual signal can match with the reference signal. It can be observed in Figure 1 that (R A u − R N u ) is different for targets at different locations. Hence, different compensation filters should be applied to different targets, which is the fundamental concept of the bulk MOCO.
Since the bulk MOCO has been researched a lot in [18] [19] [20] [21] [22] [23] [24] [25] [26] , here it is only simply mentioned for deriving the following residual error discussion.
The bulk MOCO is composed of two essential steps, firstof which is to compensate the bulk portion common to all the targets, and second is to deal with the residual portion. The schematic diagram is illustrated in Figure 2 .
The target at the scene center is usually chosen as the reference target for the bulk MOCO. According to (8) and (9), the delay deviation and the additional phase of the reference target are:
For other targets, the residual phase error is the difference between Δϕ and Δϕ Ref :
And the residual delay deviation Δτ Res is proportional to Δϕ Res :
The residual error varies with the scene pixels, which affects the azimuth signals. Hence, it makes it inevitable to implement the residual MOCO during the azimuth compression but not in advance, so that the residual error should be added to the azimuth matched filter, and the final compressed data is undoubtedly to be impacted by the residual error.
Residual Error of the Bulk MOCO
To quantify the performance of the bulk MOCO, the component ρ Res is introduced here as the uncompensated factor or the residual factor.
In the bulk MOCO, the motion error is the vector pointing from the nominal radar position to the real one, and therefore the motion error is composed of two factors, magnitude and orientations. Under certain orientation, ρ = |Δϕ Res |/|Δϕ| for different magnitudes is constant. While for the same magnitude, ρ varies with orientations and there exists the maximum value of ρ which is ρ Res in (14) . Obviously, ρ Res is with relation to the position and the dimension of the target scene and the beam width of the radar antenna. All the above factors can be described by three parameters of (r/R 0 ), θ 1 and θ 2 in Figure 3 , here r is half the scene's dimension along LOS, R 0 is the range of the scene center, θ 1 is the beam width of the antenna and θ 2 is the elevation angle.
Under the geometric model in Figure 3 , ρ Res of the bulk MOCO is calculated by statistic means where ρ for all orientations are calculated to obtain ρ Res . The variation of ρ Res with the change of the parameters is shown in Figure 4 .
It can be seen from Figure 4 that when the dimension of the scene is comparable to the range of the scene center, the beam width antenna is larger than 60 • , and the elevation angle is larger than 30 • , the residual factor ρ Res is as large as around 0.6. In fact, for many practical cases, the range-dependent error is the dominant part, especially the error in FVD. Hence, a 'resampling MOCO' algorithm focusing on MOCO in FVD is proposed in Section 4 as an auxiliary of bulk MOCO.
RESAMPLING MOCO

Principle of the Resampling MOCO
As discussed in previous sections, the LOS error is instantaneous, while the FVD error is different and is accumulation of the forward velocity variation. Hence, during long data acquisition time, the FVD error may reach a huge value. The basic concept of the resampling MOCO is to limit the FVD error within one azimuth sample via data restructuring.
Generally, since PRI (T r ) and sampling frequency in range (F S ) are both fixed, the received data can be divided into several range bins corresponding to each slow-time, and the amount of data of each range bin is T r · F S . As shown in Figure 5(a) , for an ideal case, the number of samples in each range bin should be always identical, and the distance between adjacent samples in the azimuth dimension should be the product of T r and the forward velocity V u , that is:
If V u varies with slow-time u, then L u fluctuates so that azimuth sampling turns to be non-uniform. In this case, in order to obtain constant L u , the tuneable PRI should be:
Here,L is the average interval of azimuth samples, and the current number of samplesT r · F S is not identical any more for different range bins, as shown in Figure 5(b) .
Based on Figure 5 , the processing of resampling MOCO is that the raw data is firstly resampled by varying PRI, and then every resampled range bin is truncated into the same length to form new azimuth bins, as illustrated by the large red frame in Figure 5 (b). Finally, the range compressed data will be processed in azimuth dimension by conventional image formation algorithm. From Figure 5 , the concept of resampling MOCO is the tunable sampling according to the forward velocity variation which avoids error accumulation in FVD, but this process shortens the range bin at the same time.
Essentially, although the raw data are resampled and truncated, each range sample still represents the same length in the range dimension, and the only change is the length of the range bin. In other words, the duration of the range signal is shortened. However, if we consider the PRI equals 1 ms, then the distance corresponding to each range bin is the product of PRI and the speed of light and equals 300 km, which is enough for most of the airborne and vehicle-based SAR systems even truncated by 20%.
Residual Error of the Resampling MOCO
In the proposed algorithm, the original idea to resample the raw data is to rearrange the azimuth samples to be uniform. However, since the velocity of radar can be different in each PRI, it should be noticed that for each certain fast-time, there is still slight deviation in the azimuth samples. And this residual error can be written as (see Appendix A):
Here, V min , V max and V ave are respectively the minimum, maximum and average velocities of the radar.
Even in the most extreme case that we can assume, the speed of the radar is in the range of 500 ± 25 m/s. If PRF is 2 kHz, the residual FVD displacement should be around 2 cm according to (17) . Based on Figure 2 and Figure 4 , even the beam width is as large as 60 • , the path error of the signal, by converting from the residual displacement in FVD, is 1 cm. Then the path error of the round trip is 2 cm, and the sequent phase error is acceptable to most of SAR systems.
Furthermore, according to (17) , we can also reduce the residual error by increasing the PRF. Hence, from another point of view, if we set, in advance, a threshold for the residual error, then PRF can be calculated as:
It means that under certain residual error threshold, we can choose PRF to guarantee that the resampling MOCO can be implemented successfully.
MOCO WITH BACK-PROJECTION ALGORITHM
In this section, the proposed MOCO method is to be applied during the image formation and specifically the back-projection algorithm (BPA) is involved. Figure 6 shows the fundamental SAR image formation process. Firstly, the range compressed data is obtained by applying the matched filtering in advance. The matched filtering process is specifically the correlation between the received signal and transmitted signal. Then the scene image can be obtained after back projection process. Detailed back-projection processing is presented in Figure 7 which includes several steps. First step is the projection calculation implemented for all slow-time from u 1 to u M . For each slow-time u, the target scene is meshed into several grids, and for each grid, the round trip range is calculated. The range compressed data are allocated to all grids according to the calculated range. The final step of the back-projection algorithm is the integration throughout the illuminating duration. Based on the fundamental BPA block diagram, the MOCO procedure is added in Figure 8 .
Fundamental and Modified Back-projection Algorithms
Firstly, to eliminate the FVD deviation, resampling MOCO is applied to the raw data before the range compression. Secondly, to remove LOS error, bulk MOCO is applied to compensate the corresponding delay shift and additional phase. The range compression is a linear process for the phase, so the bulk MOCO can either be carried out before the range compression or after that, as can be seen from Figures 8(a) and (b) . Last, as a remaining step of the bulk MOCO, the residual MOCO is applied during the back projection process.
Simulation Results
The feasibility of bulk MOCO has been verified in a few applications, while the resampling MOCO method is to be firstly tested here. Therefore, for a general vehicle-based SAR case, a typical set of error in LOS is given as the simulation parameter setting, but the error in FVD is given as magnified to verify the performance of the proposed method, as shown in Figure 9 . The simulated point spread functions (PSFs) and the azimuth cross-sections are shown in Figure 10 to compare the focusing performance. According to Figure 10 , firstly, the imaging without any motion error is processed for comparison (Figure 10(a) ) which has a common azimuth side-lobe as −13.2 dB, followed by the PSF in Figure 10 (b) considering the motion error in Figure 9 but without any MOCO, and therefore the azimuth compression is failed, since the compressed pulse is not peaking at the assumed delay and moreover the pulse shape no longer a Sinc(·) function. In Figure 10(c) , the motion error is compensated by bulk MOCO only, and the Sinc(·) shape is recovered but with a higher side-lobe ratio as −7 dB which is high for radar remote sensing applications. At last in Figure 10(d) , the motion error is compensated by integrated bulk MOCO and resampling MOCO. From the PSF, the azimuth signal is compressed correctly. From the range cross-section, the SLR is −13.3 dB, in the same level as the ideal case Figure 10(a) . According to the simulation results, the proposed algorithm performs much better than the original bulk MOCO, and the origin PSF has been almost recovered.
DISCUSSION
Generally speaking, the phase and envelope errors caused by the motion deviation are constituted by both linear and non-linear terms. The motion error is totally random, while the image formation algorithm is processed as pulse compression based on the relevance of the signals. In this paper, the effect of the error to both the compression procedure and compressed data is concerned.
The essence of the MOCO may be regarded as the pre-processing of raw data, and under arbitrary SAR topologies, the proposed resampling MOCO method can be always employed as an auxiliary to other commonly used MOCO methods, bringing about improved MOCO performances. The phase error can always be compensated through multiplying with the signal carrying a phase opposite to the phase error, while the solution for the envelope advance or delay is always signal shift in the envelope, and resampling can be utilized for stretching the envelope. In this paper, the motion error is divided into two types, which are errors in LOS and FVD, respectively. The motion methods selected for the LOS deviation is the widely used bulk MOCO, while for FVD displacement, a novel 'resampling & truncation' MOCO algorithm is proposed.
For the bulk MOCO algorithm, the residual error, or the uncompensated factor is firstly statistically analyzed. And for the proposed 'resampling' MOCO, the residual error is analyzed as well. The feasibility of the proposed algorithm is verified by the simulation results, but it is still to be proved in the practical applications.
Till now, all the analysis and simulations in this paper mainly focus on the mono-static SAR. While for bi-static case, the motion errors of both the transmitter and receiver need to be taken into account, which is more complicated than the mono-static topologies. On one hand, if one of the transmitters or receivers is stationary or moves in a constant speed, the proposed algorithm can be applied directly. On the other hand, if the transmitter and receiver have different FVD deviations, modified algorithms should be concerned to satisfy different resampling requirements.
APPENDIX A. RESIDUAL ERROR OF RESAMPLING MOCO
A description about the range of the residual error of resampling MOCO has been given in Figure A1 . Grids of each row represent the range-sampled data in the corresponding slow-time, and the width of every grid indicates the distance that the radar has travelled in the interval of one range sample T s which is the reciprocal of the sampling frequency F s . In Figure A1 , there is the same number of grids in each line, which means that samples of each range bin have been truncated into same length.
Since the grids in the same column belong to one azimuth bin, the grids of each azimuth bin are connected by the solid line. It can be seen very clearly that the rightmost azimuth bin in Figure A1 has the maximum fluctuation, so the column connected by the red solid line will be considered to analyze the residual error of resampling MOCO.
Since the whole length of each line denotes the radar trajectory in this range bin, the maximum length should be the origin distance between adjacent azimuth samples: Figure A1 . Raw data after resampling and truncation.
Here, V ave is the average speed of the radar platform, and the number of samples of each range bin should be:
Hence, the minimum length in the azimuth dimension of all the range bins should be:
Then the maximum difference of the samples in each azimuth bin should be:
Here, ΔL max is the maximum residual displacement in FVD after data resampling.
